Recent estimates point to abundances of z > 4 sub-mm galaxies far above model predictions. The matter is still debated. According to some analyses the excess may be substantially lower than initially thought and perhaps accounted for by flux boosting and source blending. However, there is no general agreement on this conclusion. An excess of z > 6 dusty galaxies has also been reported albeit with poor statistics. On the other hand, Zhang et al. (2018) reported evidence of a top-heavy initial mass function (IMF) in high-z galaxies. This would translate into higher a sub-mm luminosity of dusty galaxies at fixed star-formation rate (SFR), i.e., into a higher abundance of high-z galaxies than expected for an universal IMF. Exploiting the physical model by Cai et al. (2013) we argue that some excess can be understood in terms of a somewhat top-heavier IMF for proto-spheroidal galaxies compared to late-type galaxies. Such IMF is consistent with that advocated by Zhang et al. (2018) to account for the low 13 C/ 18 O abundance ratio measured by them in four z = 2-3 dusty galaxies. However, the IMF impact on the star formation history of galaxies is far less dramatic than suggested by these authors and extreme top-heavy IMFs are inconsistent with the data.
INTRODUCTION
The opening of the sub-millimeter (sub-mm) window on galaxy formation and evolution, thanks to the 850 µm surveys with the Submillimeter Common-User Bolometer Array (SCUBA) on the James Clerk Maxwell Telescope (JCMT; e.g., Smail et al. 1997; Hughes et al. 1998; Barger et al. 1998) , has revolutionized the field. SCUBA blank-field pointings demonstrated that the most active star-formation phases of high-z galaxies are heavily dust-enshrouded and therefore largely missed even by the deepest optical surveys (for a review see Casey et al. 2014) . The results of these surveys have strongly shaken up the leading galaxy formation paradigm of the time which under-predicted the sub-mm counts by one order of magnitude or more (e.g., Kaviani et al. 2003; Baugh et al. 2005) .
Part of the discrepancy was later shown to be attributable to an overestimate of the observed counts (Coppin et al. 2006; Geach et al. 2017) , mainly due to source blending within the relatively large SCUBA beam and to insufficient corrections zcai@ustc.edu.cn, gianfranco.dezotti@inaf.it for flux boosting (Eddington bias; Eddington 1913) . Nevertheless, sub-mm data are still challenging for semi-analytic galaxy formation models (SAMs). In particular, SAMs generally under-predict the bright end of the star-formation rate (SFR) function at z ∼ > 2 (Niemi et al. 2012; Gruppioni et al. 2015) .
A further challenge came from the first searches for submm selected z ∼ > 4 galaxies (Dowell et al. 2014; Asboth et al. 2016; Ivison et al. 2016) : the inferred surface densities were found to be far in excess of model predictions. More recent studies (Donevski et al. 2018; Duivenvoorden et al. 2018) suggest that the discrepancy with models may be accounted for by flux boosting due to instrumental noise and confusion (including the contribution from clustering), plus source blending.
A strong effect of flux boosting on the counts of z ∼ > 4 galaxies is indeed expected as a consequence of their steep slope. As shown by Hogg & Turner (1998) , in the case of Gaussian noise the ratio of the maximum likelihood true flux, S ML , to the observed flux, S o , is related to the slope of the integral counts, q, and to the signal-to-noise ratio, r, by
The data indicate, for z > 4 galaxies, q ≃ 3.6, implying that there is no finite maximum likelihood value for r < 4.3.
For r = 4.5 and r = 5 we have S ML /S o = 0.651 and 0.757, respectively. This bias in the measured flux density translates in a bias in the integral source counts of (S ML /S o ) −q , i.e., of factors of 4.7 and 2.7, respectively, for the two values of r: noise has indeed a strong impact on observed counts! This simple estimate does not account for the non-Gaussian, spatially correlated fluctuations due to clustering as well as for the complexity of source selection. These effects were dealt with via simulations by Béthermin et al. (2017) who found that the counts may be overestimated by one order of magnitude. As illustrated by Figure 1 , the corrected counts are in reasonably good agreement with predictions adopting an universal IMF.
The issue is not settled, however. None of the galaxies, drawn from the sample of z ∼ > 4 candidates selected by Ivison et al. (2016) , observed in 1.3-or 3-mm continuum by Fudamoto et al. (2017) were found to be doubles, as would be expected from simulations of Béthermin et al. (2017) ; multiplicity may affect at most the ∼ 20 per cent of targets that remained undetected in continuum.
Further hints of a high-z excess come from searches of z > 6 dusty galaxies. Riechers et al. (2013) found a galaxy at z = 6.34 in a sample with ultra-red Herschel/SPIRE colours with S 500µm > 30 mJy over an area of 21 deg 2 . The corresponding surface density is N(> S 500µm > 30 mJy, z > 6) = 0.048 +0.110 −0.039 deg −2 (Poisson errors). A second z > 6 galaxy (at z = 6.027) was reported by Fudamoto et al. (2017) . This galaxy belongs to a sample of the reddest Herschel/SPIRE galaxies over the H-ATLAS area (660 deg 2 ), again with S 500µm > 30 mJy. Taking into account the correction for the incompleteness of the parent sample (a factor of 1/0.028; Ivison et al. 2016) we get N(> S 500µm > 30 mJy, z > 6) = 0.054 +0.125 −0.045 deg −2 . The average of the two estimates, N(> S 500µm > 30 mJy, z > 6) = 0.051 +0.083 −0.030 deg −2 , is significantly above model predictions ( Figure 2 ).
From a theoretical point of view, a larger fraction of massive stars is expected at high-z for galaxies with large SFRs. In these galaxies the cosmic ray energy densities generated by the deaths of the most massive stars may raise the gas temperatures even in the coolest star-forming clouds, thus increasing the Jeans mass (Papadopoulos et al. 2011) . A greater abundance of massive stars at high-z translates into a higher sub-mm luminosity of dusty galaxies at fixed SFR, i.e. into a greater abundance of bright galaxies than expected under the assumption of a universal initial mass function (IMF). Observational evidence of a top-heavy IMF has been reported by Zhang et al. (2018) in four gravitational lensed sub-mm galaxies at z ∼ 2-3. How do the counts of high-z galaxies implied by the IMF advocated by Zhang et al. (2018) compare with observations?
To address this question we need a physical model, linking the IR luminosity of galaxies to their star-formation history, taking also into account the effect of active galactic nuclei (AGNs) growing in their centers. The physical model by Cai et al. (2013) , briefly described in Section 2, allows us to carry out this investigation. The baseline model adopts a Chabrier (2003) IMF, assumed to be universal. In Section 3 we investigate the effect of a top-heavier IMF on several observables. In Section 4 we summarize and discuss our main conclusions.
Throughout this paper we adopt a flat ΛCDM cosmology with the latest values of the parameters derived from Planck CMB power spectra: H 0 = 67.4 km s −1 Mpc −1 and Ω m = 0.315 (Planck Collaboration VI 2018).
MODEL
At the high redshifts of interest here the galaxy luminosity functions are dominated by proto-spheroids, i.e. by ellipticals and bulges of disk galaxies in the process of forming the bulk of their stars. The Cai et al. (2013) model provides a physically grounded description of their formation and evolution, building on the work by Granato et al. (2004) , Lapi et al. (2006) , and Lapi et al. (2011) . The star formation history of proto-spheroids and the accretion history onto the central super-massive black holes are computed by solving a set of equations describing the evolution of gas phases and of the active nucleus, including the effect of cooling, condensation into stars, radiation drag, accretion, and feedback from supernovae (SNe) and from the AGN.
These equations yield the SFR of each galaxy and the bolometric luminosity of the AGN as a function of halo mass, formation redshift, and galactic age. The epoch-dependent luminosity functions of galaxies, of AGNs, and of objects as a whole (galaxy plus AGN) are computed coupling luminosities with the halo formation rate, dN(M h , z)/dt, as a function of redshift, z, and of halo mass, M h . The dN(M h , z)/dt is computed as the positive term of the cosmic time derivative of the halo mass function derived from N-body simulations. The effect of gravitational lensing on observed counts and luminosity functions is also folded in.
The model was shown to successfully reproduce a broad variety of data: multi-frequency and multi-epoch luminosity functions of galaxies and AGNs, counts of unlensed and gravitationally lensed sources, redshift distributions, and clustering properties (Xia et al. 2012; Cai et al. 2013 Cai et al. , 2014 Carniani et al. 2015; Bonato et al. 2017) . In particular the model accounts for the redshift-dependent infrared (IR; 8 − 1000 µm) luminosity function determined by Gruppioni et al. (2013) up to z ≃ 4 (Bonato et al. 2014) and fits the most recent mm and sub-mm counts and redshift distributions Gralla et al. 2019; De Zotti et al. 2019) as well as the spectral energy distribution (SED) and the power spectrum of the cosmic infrared background (CIB; Cai et al. 2013) . Herschel catalogue of the COSMOS field to extend the submm source counts by more than a factor of 10 below the confusion limit. By the same token they extended estimates of Figure 2 . Predicted integral 500 µm counts of dusty galaxies at z > 6 for different choices of the IMFs, namely the "Chabrier" (baseline model; solid black line), the "top-heavy" (dotted red line), the "Ballero" (dashed blue line), and the "Baugh" (dot-dashed magenta line) IMF (see text). The data point shows the average surface density for S 500µm > 30 mJy derived from searches by Riechers et al. (2013) and Fudamoto et al. (2017) . the IR luminosity function to fainter luminosities and out to higher redshifts (up to z ∼ 6) than Gruppioni et al. (2013) .
The baseline model by Cai et al. (2013) yields results in remarkable agreement with the data assuming a universal (Chabrier) IMF except, perhaps, at the highest redshift. The significance of the discrepancy is hard to assess, however, because the published errors are purely Poisson while much larger uncertainties may be associated to the source selection, to photometric redshifts, and to the deblended photometry. Errors preferentially shift sources from more populated to less populated redshift/luminosity bins, implying that the number of rare highest luminosity/redshift sources may be easily overestimated. However, taken at face value, these data support the view of an excess of high-z sub-mm galaxies that may require a top-heavier IMF to be accounted for.
A TOP-HEAVIER IMF?
The bolometric luminosity produced by a given IMF, dn/dm, is approximately proportional to the mass fraction in massive (m ≥ 8 M ⊙ ) stars. For the heavily dust obscured galaxies of interest here, L IR ≃ L bol . The calibration of the relationship between L IR and SFR for complete dust obscuration adopted by Cai et al. (2013) , refers to an IMF described by a broken power-law: dn/dm ∝ m −1.4 for 0. Figure 3 . Comparison of the most recent determinations of the high-z IR luminosity functions of galaxies with the model by Cai et al. (2013) for different choices for the IMF of high-z proto-spheroidal galaxies: a universal "Chabrier" IMF (baseline model; k ⋆,IR = 3.1); the "top-heavy" (k ⋆,IR = 3.1 × 1.4) and the "Ballero" IMFs (k ⋆,IR = 3.1 × 1.9) IMFs advocated by Zhang et al. (2018) ; the extreme, flat, IMF (k ⋆,IR = 3.1 × 4) used by Baugh et al. (2005) . Galaxy SEDs, with total IR luminosity normalized to unit, associated to the "Chabrier", "top-heavy", "Ballero", and "Baugh" IMFs of proto-spheroidal galaxies.
(i.e., the "Chabrier" IMF). It writes
with k ⋆,IR = 3.1. The IMFs advocated by Zhang et al. (2018) have power-law indices below and above m 1 = 0.5 M ⊙ , re-spectively, of (-1.3, -2.1; "top-heavy") and of (-1.3, -1.95; "Ballero"). The mass fractions in the 8-100 M ⊙ range are of 23%, 33%, and 44% for the "Chabrier", "top-heavy", and "Ballero" IMF, respectively. Thus the bolometric luminosity at fixed SFR increases, compared to the "Chabrier" case, by factors of ≃ 1.4 and of ≃ 1.9 for the "top-heavy" and "Ballero" IMF, respectively. In the extreme case of the flat IMF used by Baugh et al. (2005) for starbursts the mass fraction in ≥ 8 M ⊙ stars increases by a factor ≃ 4. Zhang et al. (2018) mention a factor of 6-7 increase in the mass fraction of massive stars moving from the "Kroupa" (Kroupa et al. 2013) to the "Ballero" (Ballero et al. 2007) IMF. However, they refer to a version of the Kroupa IMF with a much lower fraction of massive stars (6.9%) 1 than that (23%) yielded by the IMF adopted by Cai et al. (2013) .
The IMFs impinges also on other quantities: the supernova (SN) rate and the fraction, R, of the mass of a stellar generation that returns to the interstellar medium (restitution fraction). Both factors affect the evolution of the metallicity and of the SFR. An increase of R makes more material available for star formation while feedback effects are obviously stronger for higher SN rates, with the effect of decreasing the SFR.
SNe dominate feedback effects not only for less massive galaxies but also for most of the intense star-formation phase of massive galaxies. The AGN feedback takes over in the latter objects only during the last few e-folding times of the central black hole growth. The fraction of stars per stellar generation that explode as SNe, i.e., the ratio of the number of stars more massive than 8 M ⊙ to the total number of stars, is ≃ 1% for the "Chabrier" IMF and increases to ≃ 1.4%, 2.2%, and 37% for the "top-heavy", "Ballero", and "Baugh" IMFs, respectively. The corresponding parameter defined in Cai et al. (2013) is the number of SNe per unit solar mass of condensed stars: N SN ≃ 1.2 × 10 −2 /M ⊙ , 1.6 × 10 −2 /M ⊙ , 2.0 × 10 −2 /M ⊙ , and 2.5 × 10 −2 /M ⊙ , for the "Chabrier", "topheavy", "Ballero", and "Baugh" IMFs, respectively.
The restitution fraction, R, affects the SFR and the chemical evolution. It depends on the minimum mass, M min , of stars with lifetimes not exceeding the age of the universe at the considered redshift. We set M min = 2 M ⊙ since the lifetime of a star of that mass with solar metallicity is slightly lower than the age of the universe at z = 4 (≃ 1.5 Gyr) for our choice of cosmological parameters. For M min = 2 M ⊙ , R = 0.393, 0.466, 0.56, and 0.83 for the "Chabrier", "topheavy", "Ballero", and "Baugh" IMFs, respectively.
For each of the considered IMFs we have re-run the code solving the set of equations written down by Cai et al. (2013) . To compute observable quantities such as number counts or luminosity functions, the output of these calculations, i.e., the SFR and the bolometric luminosity of the central AGN as a function of halo mass, formation redshift, and galactic age, need to be coupled with the SEDs of source populations.
We have kept the AGN SEDs used by Cai et al. (2013) . In the case of dust luminosities powered by star formation, we need to take into account that higher luminosities entail higher dust temperatures, i.e., warmer SEDs. Since a sophisticated treatment is not warranted in this exploratory study we have taken this into account by assuming that the effective dust temperature, T d , hence the peak frequency of the dust emission, ν peak , scales as L 1/6 IR (e.g., Liang et al. 2019) . Then, for different IMFs ν peak ∝ k 1/6 ⋆,IR ; the full continuum SED was shifted in frequency by the corresponding factor. Figure 4 shows the SEDs associated to the considered IMFs. Cai et al. (2013) adopted N SN ≃ 1.4 × 10 −2 /M ⊙ and R = 0.54. We have re-run the model with the values given above for the "Chabrier" IMF and used the results of the updated model. The differences in the derived IR luminosity functions turned out to be irrelevant. Figures 1 and 3 compare the observed 500 µm counts of z ∼ > 4 galaxies and the IR luminosity functions at z = 1.8 to 5.5 with results for the baseline Cai et al. (2013) model and the other choices for the IMF. The baseline model works quite well after correction of the "raw" counts for the effect of noise and source blending at least up to z ≃ 4.5. Models with a top-heavy IMF are disfavoured. The extreme "Baugh" IMF is strongly inconsistent with the data.
At z ∼ > 5 the data show hints of an excess over predictions for a universal "Chabrier" IMF ( Figure 2 and bottom-right panel of Figure 3 ). The statistics is however poor, so that the data do not allow us to draw any firm conclusion.
CONCLUSIONS
We have exploited the physical model by Cai et al. (2013) to investigate the impact of a top-heavy IMF on sub-mm counts of high-z (z > 4 and z > 6) dusty galaxies.
The first estimates of sub-mm counts at z ∼ > 4 galaxies (Dowell et al. 2014; Asboth et al. 2016; Ivison et al. 2016 ), taken at face value, favour the top-heavy IMFs advocated by Zhang et al. (2018) . On the contrary, the extreme (flat) IMF used by Baugh et al. (2005) overpredicts, in the framework of the Cai et al. (2013) approach, counts for z > 4.
If the "raw" counts are corrected for flux boosting due to instrumental noise and confusion following some recent studies (Béthermin et al. 2017; Donevski et al. 2018; Duivenvoorden et al. 2018) , consistency with predictions based on a universal "Chabrier" IMF is recovered and topheavy IMFs are disfavoured. However, definite conclusions on the abundance of z > 4 sub-mm galaxies are hampered by the large uncertainties on their selection on one side and on corrections for flux boosting on the other side.
From the theoretical point of view an increase of the Jeans mass is expected in the case of high SFRs due to the large cosmic ray energy densities which raise the gas temperatures (Papadopoulos et al. 2011) . A further increase of gas temperatures with increasing z is expected by effect of the raising Cosmic Microwave Background (CMB) temperature (Zhang et al. 2016) . The data indeed give hints of an excess of z > 5 sub-mm galaxies over expectations for a universal IMF (Figure 2 and bottom-right panel of Figure 3) ; the statistics is however poor and the data are liable to systematic errors difficult to quantify.
As stressed by Zhang et al. (2018) , IMFs top-heavier than usually assumed have implications on SFRs derived from classical tracers such as L IR or the radio continuum luminosity. In turn, this impacts on the star formation history of galaxies. Although we have argued that the impact is far less dramatic than suggested by Zhang et al. (2018) , it is clearly important to assess the evolution, if any, of the IMF with cosmic time.
In this paper we shown that the data already imply interesting constraints on the IMF of high-z dusty galaxies. Forthcoming or planned sub-mm spectroscopic surveys, such as those with the Cerro Chajnantor Atacama Telescope (CCATprime; Stacey et al. 2018) or with the Origins Space Telescope (OST; Leisawitz et al. 2018; Bonato et al. 2019) , will shed light on this issue. GdZ acknowledges financial support by ASI/INAF Agreement 2014-024-R.0 for the Planck LFI activity of Phase E2.
